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Scaling reduction of the perturbative triples correction (T) to coupled
cluster theory via Laplace transform formalism
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A reformulation of the perturbative triples correction to coupled cluster singles and d¢GII&D)

based on the numerical Laplace transform of the energy denominator is presented. Rearranged
equations reduce th€é(N’) canonical scaling ta®(N®), whereN is a size measure of the
electronic system. Two to three quadrature points is adequate for chemical predictions. The Laplace
ansatz permits simple, noniterative expressions in noncanonical orbital representations.
Furthermore, substituting canonical lgeneralizedCCSD natural orbitals, the Laplace ansatz
exhibits scaling close t@(N®), while retaining accuracy and providing crossover with respect to
canonical triples for small size systems. A developing atomic orbital formulation is also introduced.
© 2000 American Institute of Physids50021-960680)30147-7

I. INTRODUCTION tiple basis sets on the different stages of a molecular model-
o _ _ ing proceduré? Although such techniques enhance the ap-
Accurate prediction of molecular properties requires aylicability of CCSOT) methodology, the steep scaling of the

explicit and precise treatment of electron co_rrelafiﬁrﬂ:u_r- perturbative triple correctiofT) still restricts its use to small
rentab initio methods treat electron correlation by a h|erar—siZe systems.

chical truncation of the completer-electron Fock space. The steep scaling iab initio electron correlation treat-

ANents, usually referred as tegponential scaling wallis an
artifact stemming from the delocalized nature of the usual
molecular orbital(MO) formalisms'® Local formalisms re-
veal that excitation amplitudes and correlation integfdés

CCSDT) method®® a coupled cluster approach including all fiped as the product between two-electron integrals and'den-

I§|.ty matrix elementS) present a power law decay with

single and double excitations plus a perturbational correctio istance between local centers. In lar tems. most local
due to connected triple excitations, provides so far the besqS ance between local centers. In farge systems, most local-

balance between efficiency and accurdés the system size 'Ze_d _amplitudes and integrals bgcome numerigally negligible.
increases, the computational cost of singles and double@ﬁ'c'em and accurate screening protocols yield low-order
scales asO(N®), whereN is a measure of size, typically scaling methods, proving that scaling steepness is not neces-

related to the number of basis functions. Computational scaf'ly related to the physics of the electron interaction.
ing when full triples are also included @(N®), in an itera- Within CC theory, several advances in this area of scaling

tive CCSDT formalisni:® On the other hand, computing a N@ve been done so far. The Pulay and _Sé%lumal correla-
perturbative triples correction through converged singles ando" meth107d has been successtully applied to the CCSD level
doubles amplitudes scales @(N7). The particular choice ©f theory. Rewriting CC equations in the local, AO basis,
of perturbative triple<T), besides its efficiency, yields re- Scuseria and Ayald have argued that the whole hierarchy of
sults close to the complete CCSDT treatment; hence such &guations scales linearly in CPU time with molecular size in
choice is a good compromise between speed and accuracyhe large system asymptote. Maslehal*® presented evi-

In addition to high-order excitations, large basis sets arélence that triple excitations are accurately described using
important. Orbital product expansions poorly reproduce in{hysical models that restrict substitutions among atomic, oc-
terelectronic cusps in correlated wave functions; hence, corfupied and virtual orbitals to only a given set of atoms. In
vergence to the complete basis set limit is extremely Slow.addition, the Schz and Werne¥ local triples method
Extrapolation schemes to complete basis sets limits had beé@¢hieves linear scaling albeit recovering 80%-90% of the
developed to reduce the actual size of the atomic orbitafonventional energy. It should be noted that this approach is
(AO) basis setd®'! Complete basis se{CBS) model not exact in the limit of zero thresholds.
chemistrie¥” are a well-established methodology that uses  Although localized or atomic formulations for treating
reduced expansions and yet provides reliable predictions faglectron correlation are nowadays generally recognized, per-
molecular properties. Interestingly, it has also been showiurbative methods were historically formulated in the canoni-
that triples contribution converges faster to the complete baeal, delocalized orbital basis. The canonical representation,
sis set limit than single and double excitations, suggestinge., the one that diagonalizes the Fock operator, produces
that a dual basis set scheme would speed up GTSD simpler, closed expressions, with lower computational pref-
computations? Similarly, Gaussian-3 theory considers mul- actors. Thus, canonical representations are perfectly suited to

electronic contributions in accurate treatmertie peculiar
truncations arising from thexponential ansatzxpansions in
coupled clustefCC) theory’ has produced several—among
the most reliable—approaches to electron correldtidiThe
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small or spatially reduced systems. Perturbative expressions g (T)ZE[T4]+ EL]. (1)
appear divided by differences among Fock matrix eigenval- ) o

ues, i.e., the MO energies in the canonical basis. These d&? the closed-shell canonical derivation, these term&atd
nominators impede simple rederivations in a noncanonical or

in a nonorthogonal basis, as localized and atomic formula- EFI=1/3> > WARRIWIARYDARS, ()
tions require. In pioneering wo, AImlof replaced the en- i abe

ergy denominators by its Laplace transform, the exponentisnd

function. Accordingly, the orbital energy differences appear

as exponents. Splitting the exponential function in single ex-  EZl=—1/3>, > VARRIW]29DaC, 3
ponent products, results in exponential factors that are iden- Ik abe

tifiable as weights definingttenuatedintegrals or ampli- respectively. As usual, indicég,k,..., (a,b,g...) refer to oc-
tudes. The resulting perturbative expressions in terms of theupied (unoccupietl MOs in the Hartree—Fock reference
attenuated integrals and amplitudes keep the simple, closegnfiguration. IntermediateR[W]ﬁﬁc, ﬁEC and Via}ﬁc are
form of the canonical formulation. Interestingly, the correla-given by

tion energy remains invariant under unitary transforms that
do not mi?(yoccupied with virtual orbitals. Asya consequence, R[W]ie}ﬁcz 4WﬁEC+ Wéklikl?CJr W?kt?c_ ZWakljbiC_ ZW?kkJ?C
localized orbital _treatments are simpler within the Laplace —2 qklzc, (4)
transform formalisnf!=2 I

Besides lifting the canonical orbital constraint, the abc be ib.cf i .be
Laplace ansatz permits decoupling of nested summations in ik =Pl Ef vaftki_% Oantmi )
higher-order perturbation theory thus producing lower scal-
ing equationg* Such a reduction in scaling properties does@nd
not hinge on the assumption of large molecule asymptote, Vf}EC= 1/27?ﬁECv2btﬁ, (6)
but on a numerical approach to an integral transform. There-
fore, accurate energies for medium sized systems, as for eX€SP€C
3mr;lz ogg?nometallics, are attainable at a considerably re- pﬁﬁc(.):.ﬁﬁ%r .jbkcia+ .Eﬁb+ .fkcjb+ ‘EjbiaJF ﬁﬁc (7)

uced cost.

In the present article, we apply the Laplace transform t
the perturbative CCS@) triples correction as a means to
reduce its canonicak®(N’) scaling. Rather than explicitly
formulate all resulting terms and their low€?(N®) contrac- D%ECEfaa-i— fop+ fee— fii = i — Fi- 8
tions, the general procedure is illustrated on a specific subset - o ) )
of terms. Apart from exemplifying the whole formulation Quantitiesvrg', with indicesp,q.r.s... referring to unspeci-
process such a subset evidences both the need for noncancfftd molecular orbitals, are two-electron integrals,
cal representations and the suitability of the Laplace ansatz 1
to lift the canonical constraint. It is shown that few, two to Ufsq:f p(1)a(2) —r(1)s(2)drydr,, 9
three, quadrature points suffice for adequate accuracy. Cross- 12
over with respect to the conventional formulation alreadywhile tf and t}> are singles and doubles excitation ampli-
occurs in small systems if generalizedCCSD natural or- tudes, respectively.
bital (NO) derivation and screening protocols are considered. ~ The number of occupiedinoccupiedl MOs will be de-
Moreover, the NO derivation proves particularly useful whennoted asO andV, respectively. NumbeN will refer to the
using large basis sets, where the MO Laplace ansatz nearfjgmber of correlated orbitals, thus representing a simple
scales ag(N°®). measure of size of the electronic system. According to the

The article is organized as follows. In the Theory sec-above formulas, the computational scaling for the triples cor-
tion, the perturbative triples equations are introduced, andection term is©(0%V*+0*V?), or roughlyO@(N’), due to
properly rearranged to illustrate the Laplace transform prothe construction oW;2°. In the Laplace transform approach,
cedure. An efficient integration scheme is also describedW;j° does not need to be assembled and the scaling for both
The section concludes illustrating an A@writing of the  the EfY andEEY terms can be reduced. TE&" term is the
Laplace ansatz. In the Results and Discussion section, sonfi@ost important contribution in terms of magnitude and com-
test computations are presented, discussing accuracy apditational cost. The focus of the present article is set on this

tively. The permutation operaﬂa"’qﬁc is defined as

ol he energy denominatdlr){"}ﬁc contains differences among
closed-shell Fock matrix eigenvalues, i.e., the canonical MO
energies,

ab

timings for the NO Laplace ansatz. term. Scaling reduction for thEX! term is achieved by ap-
plying the same principles as the ones discussed here for
EM.
Il. THEORY
A. Perturbative triples correction  (T) B. The MO- EL*! ansatz
The standard triples correctidf is split into a fourth The Laplace transform applied to the denominator of Eq.

and fifth order componentEl* and EX!, respectively, (2) gives the fourth order triples contributioBi as the
beind"52°-27 integral,
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* ®ab=—'ra—‘rb , 15
Ef=1/3 f > > WARRWR%e Pfids.  (10) g~ Veieg (15
0 ijk abc
Tig=totid, (16)
Expanding the integral in a series, Ed0) yields the ansatz ’ Y
Tio=titif (17)
(41— abc abc,— D20,
Er 1/32 W ”Ek e K RIWTijice: i, (19 Barred integrals and amplitudes in contractions include the

Laplace transformed denominator in the convenient way
where w, are appropriate quadrature weights. Since the _ _
Laplace transformed weiglef Diik’s factorizes, the six indi- vgy=e Hasdlgm VoectiglZisy & (18
cesi, j, k, a, b, andc are not coupled by denominatDri‘”}EC.
At this point, ansatz11) permits lower,®(N®) scaling con-

tract|on§ for the triples energy. Much more advantageou%:onsequently, these attenuated integrals and amplitudes de-
contractions are apparent after a complete expansion of E%’end on the transformed variabieand one needs to con-

(12) in terms of 2-integral-2-amplitude products. EXpande.dstruct them at each quadrature pdint

terms can be classified into three groups, regarding the in- For the sake of computational efficiency, B&/5 terms

abc
can be rewritten defining the intermediate

YEJf:e— 1/2fbbsle1/2 fjj5|e1/2fkk5|tEjf . (19)

nermostf andm indices in intermediat®V;;,~ defined in Eq.
(5). Denoting byo any of the occupied indicag,k, by v any
of thea%l: b, c virtuals, andg andn the mnermost indices in @?g:( U’::af_;g:f)(zvgbg_vibcg), (20)
R[W]jj", the three groups are characterized by templates

VOFUoatootod, Vowvostietng, and v futeitiy. After ex- o determine the off-diagonal terms of &?"° matrix con-
panding, there are a total of 216 terms in each of these thregrycted aftelm andb summations. In this way, eadl ele-
groups. Some of those terms are equivalent once completefjent is given by

summed up. Subsequent to collecting terms, the number of

nonredundant ones is 26, 26, and 36, for each of the above E?;’;:4(7)?5T?g—2(~9?g??g—6®_?gﬁg_ (21)
groups, respectively. From the total 88 nonredundant .
2-integral-2-amplitude products contributing to enegf!, ~ Matrix E°V" is symmetric, as well as negative definite. Ac-

76 can be contracted to formally scale @¢N®), while the  cordingly, theOV® contribution is simply

remaining 12 terms allow a contraction scaling @$N®).

We note in passing that the reduction in a factor slightly EOVSZE E%VS_ (22)
higher than 6 leading to the 88 nonredundant terms is similar f=g

tointroducing the constrairgt=b=c in £q. (2), as it appears The Laplace ansatz is invariant under unitary transformations
in Ref. 30. This constraint is initially removed in the above b . . . Y
of the attenuated virtugbccupied orbitals. Thereforegen-

Ereisceenﬁgﬁ::]éopggggtc:we erseorlljt &dﬁg;ngsn?rggtri](?rs\s Irwllceséralized CCSD NOs, defined here as the orbital representa-

A detailed analysis on the steepest scaling parts regar&'—on that diagonalize thattenuatedtwo-particle matrix

ing basis set limit, i.e)y> O, indicates the following perfor- D(2) —tactbe (23)
mance. A six term subset in th@}v 25t(to% group scales as ab

O(0OV?), while another sixteen term subset scales agan be used to substitute without further rearrangement of
O(02Vv*), and the remaining four terms scale@{OV?*).  the canonical virtuals in E¢11). Such NO representations
The steepest parts in th&7vto! 2% group are eight terms  have proven advantageous over canonical orbitals when
scaling as®(0?v*%). Scaling costs in theg vodtits  seeking convenient space truncatioh&Ve show here that
group are not severe, since the most expensive part scales®®s also enhance an effective screening protocol for the
O(03V3). Therefore, for Iarge_baS|s sets, Et)he steepest scalsif_diagonal eIementE%VS.
ing would occur when evaluating th&@(OV®) terms. The
OV® terms will merit special attention and will be taken as a
representative example below.

The six-term,0V® contribution to theEl*! energy is

The magnitude distribution for thE2Y" pair contribu-
tions, as displayed in Fig. 1, indicates that the lardgst
contributions are in slightly larger number in the NO case

than in the canonical one. Furthermore, the NO representa-

EOV°_ _g@abyaby g@abTab o@abrab_ 4@abyab tion definitely presents the greatest number of numerically
fo'fg o't fo 1o fo ' fo negligible pair contributions, thus clearly favoring finpair
+8O% T —400T2D, (12 screening. Since matriE®Y’ is definite, an off-diagonal

S ] o _ screening based on the Schwarz inequality
assuming implicit summation over repeated indices. The in-

termediate contraction®, ®, @, T, andT are given by the |E%V5|<|E2V5Eg’$’5|l’2, (24)

expressions o . o .
is rigorous, and yet effective. As shown in Fig. 2, consider-

b_—fc—ib . 5 _ A
Ofy=varcy: (13 ing a thresholdEfy”’|<10"° the number of significanty
_ o pairs grows linearly as basis set size increases, without sig-
®ab:—rc—rc (14) . . . .

fg— VafUpg: nificant loss in accuracy. Figure 2 considers the case of the
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FIG. 1. Magnitude distribution (I0") for the E?QVS
pair contributions using the canonical virtual
basis (clear barg and the CCSD virtual NO basis
2004 (shaded bal)s Carbon  monoxide molecule
[CCSDT)=fclcc-pVTZ; reo=1.12 A; 5=0.32).

f.g Pairs

100

CO molecule at the Laplace quadrature poss0.005. As  errors below the ones introduced by numerical integration.
it is apparent from Eq918) and (19), the above truncation Similar screenings are applicable to the remaining terms in

becomes still more effective when other, higlsepoints in  the other two groups; T R%t2% % andv v M. 2% . This

numerical integration are considered. would practically lead to a complet€(N®) algorithm.

Thefabove treatment is extensible to all terms in theHowever, since evaluating these two sets of terms is com-
ov. ovsvfrvg
oot

U, tV,gtoolos S€t, simplifying the most expensive part in parative faster in moderate basis sets, this avenue has not
practical Laplace ansatz computations. One can generalizgen further explored.

the E°Y” matrix by summing up all indices biitandg, and Concerning the fifth-order correction terfel, the
including the complete set df terms. The matrix consider- Laplace transform approach produces @ nonredundant

. f . . .
ing the sum of allugfuggtsctod terms will be denoted by terms classified according to the templat€gtiv 9t S or

Et'9!. Matrix E{9 is also symmetric and definite. Each ele- ,9t7,"™v  Ten of these terms, the most expensive ones,

mentfg will be denoted, accordingly, a&{[#', and its defi-  specifically scale a®(03V?). The remaining eight terms
nition is analogous to the’E?gV5 element definition in Eq. scale only®(N®). We note that the te@(O3V3) terms can
(21), but, as indicated, including all 26 energy terms in thebe further grouped into 4 terms and that thanks to a Schwarz
vojvoutsited set. The screening of the off-diagonal elementsscreening protocol the wholES! term can be evaluated at a

E%g} produces a(N®) algorithm, while keeping truncation cost scaling ag>(N®).

20000 1E-05
D Thres = QA an
[+] Thres =10*-5 20
rar +
sooo{ T 4
b1
.E FIG. 2. Number of virtual NOE%"S pair contributions
2. 100004 - 1E-05 E using cc-p\hZ basis sets for carbon monoxide mol-
] = ecule[CCSDT)=fclcc-pvnz, n=2, 5; reo=1.12 A],
at the Laplace quadrature poisf=0.0054+0.0003,
depending on the basis set. Truncation errors on the
50004 right-hand axis are in hartrees.
D T T T 1E-07
] S0 100 150 200

Basis Functions
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C. Numerical Laplace transform the potentiality of the Laplace ansatz toward local, triple sub-
stitution treatments. Among potentialities, besides cutoff-
rbased techniques, rearranged Laplace equations offer a
unigue and simple perspective toward devising and testing
local, physical models. Some possible models had been re-
cently proposed®3*its approximate translation into Laplace
ansatz is quite immediate.

In order to rewrite theEl*! correction in the AO basis,
one needs to expand MO integrals and amplitudes in terms
of localized, atomic magnitudes. Then, such expressions are

Numerical integration of the Laplace transform in Eq.
(10) is simple, yet accurate. Formally, the integration is ove
a series of exponential functions,

EM=— fo > z,e Pusds, (25)

with coefficientsz, and exponent®,. The integrand is a
well-behaved function, monotonically decreasing and posi

tive evzrywhe(r; To frf].'g.h“%ht t.TE?E propeg;es, a gjt!rect Cgr'plugged into theEl* equation, and the equation appropri-
respondence a, Coetlicients wi € variable, posiiive an ately rearranged, in a way that all integrals and excitation

; abc; abc . . .
negativeW;;, Rl W]y products in Eq(10) is avoided here. amplitudes are written with AO indices. This A@writing

Logquthm trgnsformanons haye proven valugble ON NUMENEan be illustrated by taking a representative term, e.g., the
cal integration of exponential type functiotis. Radial

quadratures in density-functionl, and effective core first 2-integral-2-amplitude product from E¢L2),

potentiaf® calculations constitute successful examples of @3bTab=7cy i ¢Dftag (28)

. o : s . g Tfg = VarVcglij Lk -
their application. Accordingly, substituting variatdeoy o o i
Defining the attenuated atomic integrals according to the

s=—1lalnx, (260 change of basis transformation

the integral in Eq(25) becomes a power expansion, U";f:cm CoaCucCsiv™S, (29)
1 . . . .
El= _1/af > z,xPul®m=1gx (27)  and conveniently, defining the atomic, attenuated amplitudes
v ]
0 v as
i ion i . i - TBS ~bf
mapped on the integration interval 0 to 1. Choosing the pa tfv=CujCKkCﬁbCaftkj , (30)

rametera smaller or equal to the minimum exponent in the
seriesD i, the integrand is bounded everywhere. Thereforghe term@?ng?g in atomic indices is

integral (27) is proper and suited for a simple, numerical wBra - B

integration. ThepmiFr:imum exponet,,;, is reazily identifi- ®55T55=Qm5 PQUQ'ﬁthffRKtUJ. (3D
able as being the minimum denominator in energy equatioCoefficientsc are the ones that define the molecular orbitals
(2) or triples gap The change of variable in E426), if @  as linear combinations of the atomic basis functions or orbit-
<D, also preserves the well behaved nature of the inteals. Greek letters denote the AOs. Projediis the AO
grand. Consequently, since errors in Gauss quadratures forghe-particle density matrix of the reference state,

function f(x) are estimated to be proportional to its

2n-derivative f @V (&), with n being the number of quadra- P =CuiCui» (32)
ture points and & ¢< 13! optimal parameter values will lay andQ its complementary projector,

close to the triples gap value. In other wordss D i, mini-

mizes the slope of the integrand thus shortening error Q. =CuaCva- (33

bounds. After the logarithm transformation, the quadrature i%ince the attenuated M@E’f amplitudes can be recovered
i

straightforward by conventional techniques. Gauss— —Bo . ; . ,
Legendre integration is a particularly useful choice. As arfrom thet,,  amplitudes using the inverse transformation of

open rule, it eludes numerical computations at the pgint Eq. (30),
=0, correspondmg tg=oo. I_n addition, no other rule of the YEjf=? '?Kk?;;basft_ff, (34)
type =,w,f(x;), with w, being quadrature weights anq _ - o _

abscissas, can integrate exactly any funcfidrelonging to ~ with the ¢ coefficients being

the polynomial,P,,, class just usingy points. In practice, the

v

optimality of this integration scheme will be affected by the Cup=SuCap: (39
closeness of,,, polynomials to the power expansiéh. andSthe AO overlap matrix, projectdR is then defined as
R, =CLiCyi - (36)

D. The AO- E*) ansatz

Once the perturbative energy denominator is replaced bMitting further details, the intermediate contractiéhso,
its Laplace transform, the constraint of using canonical or@, T, andT, in Egs.(13)—(17), are given in AO indices by

bitals is removed. In addition, rewriting a nonorthogonal, AO OB = (QITHT)(PHPP) (37)
algorithm just requires slight modifications of the Laplace oy Axmiad il pToyn

El') ansatz. AO formulations can be written in a different  @ef= (QupT)(prynY), (39)
number of ways. ldentifying optimal local magnitudes, in the 7 e prEY

sense of rapid decay and powerful screening availability, ~©55=(Qrv%5)(P4vR%), (39

constitutes a task that is beyond the scope of this work. In- op BN o
stead, the following AO reformulation intends to illustrate  T&, = (RIt)(RELS)), (40
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TABLE I. Minimum, maximum, and mean absolute deviatipag| regard-
100 - = 4 - ing conventional vs Laplace ansaﬁ“] , for the G2-1 test set of molecules
n is the number of quadrature points. Deviations are in mH.
80 1 Basis n Min |Ag] Max |Ag| Mean|A|
) 60 6-31G* 1 0.044 3.499 1.219
w ] 2 0.001 0.060 0.014
S 3 0.000 0.029 0.005
40 - 4 0.000 0.015 0.003
—m—Molecular 6-311G™ 1 0.128 8.843 2.690
20 1 —o—Metallic 2 0.001 0.800 0.170
3 0.002 0.106 0.021
0 T T r ) 4 0.000 0.021 0.006
1 2 3 4 5 6-311+ G** 1 0.242 10.002 3.372
Neighbor Atoms 2 0.005 1.083 0.253
3 0.000 0.115 0.028
FIG. 3. Effect of AO integral truncation on triples contributi(ﬁ{f“] in 4 0.001 0.024 0.008
hydrogen chains containing sixteen atoms, using minimal basis set STO-3G.

Integrals are truncated according to the given radius of neighbor atoms, and cc-pVDZ* 1 0.019 4.115 1.145
according to the same-electron indices. Inth@ecularchain, intramolecu- 2 0.001 0.063 0.015
lar distances are 1.4 a.u., while shorter intermolecular distances are 3.0 a.u. 3 0.000 0.031 0.006
In the metallic chain, all interatomic separations are 2.0 a.u. 4 0.000 0.016 0.003
cc-pvTZ? 1 0.238 13.798 4.826
2 0.004 1.872 0.399
— —ns _ 3 0.000 0.109 0.020
TSP =(RItE2) (RS, (41) 4 0.000 0.015 0.003

Parentheses indicate the contractions defining projected intéthe Liz and LiF molecules are excluded.
grals and amplitudes. Finally, using the above intermediates,

the EV° contribution to theEl*) energy is Il RESULTS AND DISCUSSION
EOVP— —8®§§T§f+ 4;5?;54 26;51-;5_4@_;5?;5 The main differences between the conventional
. CCSOT) method in the canonical MO, and the approach
+8055 T —4055TSH, (42  presented here are the numerical Laplace transform and the
off-diagonal screening in evaluating matf&'9. They are
clearly analogous to its MO formulation in EQL2). discussed separately below.

The degree of locality of triple substitutions is neatly
illustrated in minimal basis set hydrogen chains. In thesd": Quadrature accuracy
systems, since there is just one electron and one basis func- Quadrature performance is assessed on the 34 closed-
tion per atom, decay properties might be physically inter-shell molecules in the G2-1 test SfThe basis sets consid-
preted in terms of atomic neighbor contributions. Besides, byred are 6-318", 6-311G*, and 6-31% G** of Pople
just rearranging interatomic distances, one can move from and co-workers, together with the correlation consistent basis
pure ensemble of noninteracting molecules—alternatingets of Dunning, cc-pVDZ, and cc-pVTZ.Correlation con-
shortandlong interatomic distances—to a completely delo- sistent basis sets are not reported for lithium, thus molecules
calized or metallic system—approximately equal interatomid_i, and LiF are excluded in these two basis set cases. The
distances. Two specific hydrogen chains are considered ifumerical Laplace transform is performed according to the
Fig. 3. The figure visualizes the impact of atomic truncationsintegration scheme described in previous section, exploring
on the recovered triples energy. Atomic truncations are rethe use of one to four quadrature points. Occupied, core or-
stricted to the simplest possible ones. Only integral cutoffsitals are frozen, while all virtual orbitals are correlated in
involved in the exponential decay are considered. Accordour computations, which have been carried out on a Gauss-
ingly, just integralsv; with u and\, andv and o, in a jan development versioff.
given radius of atomic neighbors are used. Besides, the pro- Minimal, maximal, and mean absolute deviatidis,|
jected integrals are cut in an analogous manner. This proveifom the canonicakl*! frozen core energies are reported in
that projections within Eqs(37)—(41) do not destroy decay Table I. One quadrature point, as might be expected, only
properties. In the molecular chain case, a radius of twgjives a crude estimate of triples contributions, although in
neighboring atoms recovers nearly the 100% of E§8 en-  the smaller basis sets relative errors are moderately reduced.
ergy. The delocalized, metallic chain exhibits a slightly The largest deviations 3.499 and 4.115 mH also correspond
slower convergence, but locality in terms of integral, expo-o the largesE}* energies, 25.831 and 26.028 mH, for the
nential decay is noteworthy. As a final remark, in the asymphasis sets 6-313 and cc-pVDZ, respectively. Also, as ex-
tote and omitting the cost for evaluatiﬁ'@jﬁ andng inter-  pected, increasing the number of quadrature points increases
mediates, the above integral truncation leads to a quadrati@ccuracy. Two quadrature points provide, in average, ener-
scaling algorithm. gies completely within mH accuracy. Maximal differences,
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TABLE II. Deviations A, in mH, in Roman, and timing ratios TABLE IV. Conventional E{*! energies, Laplace ansatz deviatiahs in
(conventional/Laplace ansat4n italics, for the cyclic water trimer, at the mH, and timing ratiosR (conventional/Laplace ansatzn italics, for the
CCSOT)=fc/cc-pVDZ level of theoryn is the number of quadrature points  chlorine moleculé CCSIO(T)/cc-pVnZ, n=2,5;rcc=2.02 A; Eigg} screen-

and 7 is the screening threshold fﬁéfgg} terms. ing thresholdr=5.10"°], considering a two-point quadrature. The number
of virtuals is denoted by/. Timing ratiosRco consider canonical orbital
n =0 =107 7=10"° r=10° Laplace ansatz, whil®yo consider NOs plus Schwarz screening. Timing

ratio REg)\, only reflectsv %fv J5tshto3 term computations for canonical re-

1 -3244 177 -3244 165 -3244 167 -3242 190 o ccil o NG ansats,
2 —0.045 0.88 ~—0.045 0.83 —0.046 0.90 —0.112 1.05
3 0001 059 0001 057 —0.004 0.60 —0.051 0.70 Basis v = Reo A, Rio  RIZo
4 0001 044 0001 044 0.000 047 —-0.072 0.52

cc-pvDZ 19 —6.874 0.60 —0.04 059 0.1

cc-pVvTZ 51 —-19.145 119 -0.836 1.29 1.20
cc-pvQz 99 —-23.927 095 1779 132 1.79

slightly above mH, 1.083 and 1.872 mH for 6-34G** cc-pv5Z 171 —27.097 071 -3.873 147  3.09
and cc-pVTZ, respectively, also coincide with the largest
E{* energies, 32.365 and 39.429 mH. Average deviations

when using three quadrature points are witpid accuracy

for the 6-31G* and cc-pVDZ basis sets, and around 0.02—for the off-diagonal elements in matri'9!. The 7=0 col-

0.03 mH in the other basis sets. Maximum deviation for thisumns illustrate the performance of the canonical orbital

quadrature corresponds to LiF molecule, when using 6-31taplace ansatz. Accuracy follows a similar pattern as the one
+G** basis set. Four points provide average deviation$een in the G2-1 set analysis. Crossover with respect to con-
within uH accuracy in all basis sets. Microhartree accuracyentional triples, i.e., timing ratios greater than one, is at-

is clearly more than adequate for most practical purposeé@ined in the hexamer cluster for an accuracy within mH and

We note in passing, that no correlation deviations versugH. Columns with an actual thresholdcorrespond to the

trip|es gap is found on the above test Computations_ Schwarz screened NO Laplace ansatz. A thresholdr of
=10 ' does not affect accuracy, as the comparison with
B. Accuracy and timings for MO Laplace transform =0 columns indicates. Only fe&}? pairs fall below this

) ) threshold, however. In the trimer case for instance, and when

Both the number of required quadrature points and, y4-point quadrature was used, just 38 upon1%96 off-
Schwarz screening impact on the performance of the Laplacgiagonal terms were omitted in the screening process. The
ansatz. Accuracy and timing performance is analyzed corgjignt increase in timing ratios reflects the costs to transform

sidering increases in the number of correlated electrons ggqyired integrals and amplitudes to the NO representation.
well increases on the basis set size. For clarity, thresholds i esholdsr equal to 10° and 105 introduce noticeable

Schwarz screening are kept fix, although an optimal accuracyqyantages in these computations. The former value slightly
and timing performancg should consider different thresholds,-reases efficiency while keeping quadrature accuracy. The
at each quadrature point. , _ latter, coarser value, produces crossover within mH accuracy

Water trimer and hexamer using a moderate basis Set agg,en for the trimer system, when using a two-point quadra-
considered in order to highlight the scaling reductiony e |t should be stressed here, that efficient thresholds do
achieved by the Laplace ansatz. The specific trimer and he)&epend on the specific quadrature point, and that such an

amer structures are the cyclic ones, as appearing in Figs. 3}nimal value for a target accuracy can be inferred from the
and 64 in Ref. 38, respectively. Geometries are optimized a(ﬁiagonal elements of matri&!'® and from the correspond-

the MP2full)/6-31g(d) level of theory, whileEY energies ing quadrature weight. Most importantly, however, data in
are computed at the CC$D=fc/cc-pVDZ level. Conven-  Tapies |1 and Il reflect the scaling reduction from the con-
tional EI*) energies are-11.3216 and-23.0488 mH for the  yentional O(N) to the Laplace ansat®(N®). Such a re-
trimer and hexamer, respectively. Deviatiahisfor conven-  q,ction indicates than when the size of the system is
tional versus Laplace ansatz energies are reported in Tablggypled, the Laplace ansatz is twice faster than conventional
Il 'and lI, respectively, for the trimer and hexamer, explor- computations. The comparison of timing ratios for the trimer
ing, as before, the one to four-point quadratures. Timing raznqg hexamer cases neatly indicates this achievement.
tios for conventional over Laplgce ansatz appear in italics.  gchwarz screening becomes especially effective on large
Each column corresponds to different screening thresholdgasis sets. This fact was already illustrated in the example in
Fig. 2. Some numerical insight is provided by considering
TABLE lIl. Deviations A, in mH, in Roman, and timing ratios the Ch molecule. As in all previous cases, the geometry used
(conventional/Laplace ansagin italics, for the cyclic water hexamer, atthe 1S optimized at the MP@ull)/6-31g(d) level of theory. For
CCsOT)=fc/cc-pVDZ level of theoryn is the number of quadrature points demonstrative purposes, only the two innermost occupied or-
and 7 is the screening threshold f&}(% terms. bitals, as well the two outermost virtuals are frozen in the
CCSOT) computation. In this way, the effectiveness of

n =0 r=10"" =108 r=10"° o . .
Schwarz screening is already evident on relatively moderate
; —g-‘igg i?g —g-?gg ig; —g-fi"i i-gg —g-gzg g-gg size computations. Results for chlorig" energies are pre-
3 0002 114 0002 110 —0.008 126 —0.118 145 sentgd in Table 1V, for the 'cc-p\Z basis sets, from double
4 0.001 086 0001 087 -0002 093 —0261 111 toquintuple zeta. A two-point quadrature and a fixed thresh-

old value 7=5x10"% is considered. The threshold valae
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