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ABSTRACT

First-order electron density similarity measures for large molecules are straightfor-
ward and can be efficiently computed if the atomic shell approximation (ASA) is
used. Within this approximation the molecular electron distributions are represented
by simple superpositions of spherical atomic contributions. A new algorithm to
optimally select shells fitting known electron distributions and an empirical scheme
to construct molecular densities by summing atomic fragments are presented. The
accuracy of both ASA procedures is analyzed comparing approximated and ab initio
QMSM.

I. INTRODUCTION

Molecules, as quantum objects, are completely described by the set of reduced
density matrices arising from successive integration of their attached spin-space N
electron wave functions, ¥(x,, . . . , X,), being the s order reduced density matrix
given by:

PXps o KX)o, X))

M e C g M
-_-(s)jw Oy X)FE - XK,y dRy

Sets of functions belonging to different molecules could be compared and similarity
measures among them mathematically established. Similarities are cognitive rela-
tions for ordering and classifying object qualities, and their measure can reveal
aspects of accessible human knowledge. The classical understanding of chemical
systems as physical, three-dimensional entities can be recovered by means of the
diagonal part of the spin independent first-order density matrices, or briefly, the
electrorll densities of probability, which are expressed, removing superfluous indi-
ces, as:

p(n) = NI‘Y‘(xl,xz, coa XXX, L L XS X, L dXy, @

The spatial electron density function p(r) and its derivatives provide the means
for a definition of atoms in molecules,? the identification of chemical bonds, and
rigorous quantification of chemical concepts as covalent bond order, steric crowd-
ing, electronegativity, or bond hardness.}

A quantum molecular similarity measure (QMSM) based on these real space
electron densities is generally defined as,*

2B = I I PA(L)O(r,, rp)p(rp)dr,dry @
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where p, and p, are the electron densities of two arbitrary molecules A and B, and
© is a positive definite operator. Since the set of functions (Eq. 1) and consequently
function (Eq. 2) parametrically depends, in the Born—Oppenheimer approximation,
on the nuclei coordinates, the measure z, ; for any considered molecular geometry
is assumed to be taken at the mutual positioning of both molecules which maximizes
the integral (Eq. 3). This conceptually simple similarity measure is impractical for
drug design purposes because of its computational difficulty. Within the LCAO
approach, first-order electron densities are given as double sums over pairs of basis
functions in the form,

n )
p(®) = D, (DD

/)

where D; are the density matrix coefficients, ¢(r) and @(r) are the atomic orbitals,
and n is the number of these basis functions. Every evaluation of z,, in the
maximization procedure requires nf‘nf9 computations of many center integrals,
together with a cumbersome transformation of the elements D;; under molecular
rotation. CNDO-like approximations—computations based on a discrete repre-
sentation of electron densities, computationally more attainable definitions of
similarity,> or fittings of electron density to simpler spherical functions®—have
been proposed with the aim to extend similarity measures based on quantum
mechanics to pharmacological design.

Since the First Girona Seminar, where several works were presented exploring
this last strategy,’ important advances have been done in our laboratory in the
representation of electron densities as superposition of spherical atomic shells,
eliminating deficiencies, both theoretical and computational, that the simple least-
squares fitting (LSF) presents. The theoretical restriction imposed on the set of
variational coefficients, i.e. to be non-negative, has led to the development of a
fitting scheme for approximating electron densities, the atomic shell approximation
(ASA), where shells are optimally selected from a nearly complete functional
space.® Solving this theoretical constraint in the ASA procedure fixes the compu-
tational drawbacks: exponent optimization; nearly linear dependencies; the need
for several basis sets to optimally reproduce different calculated densities; and
arbitrary assignments of shells in an atom, which could distort the resulting charge
distribution within a molecule. Moreover, the ASA opens an avenue for modeling
promolecules, i.e., molecular electron representations built on atomic contributions.
Therefore, sharp electronic distributions may be diffused by atomic vibrations, or
conformational movements may be allowed during the similarity maximization,
giving a more realistic vision of molecules. In this latter case, atoms and their
attached electrons can be displaced from the original position to construct different
conformations. This is, strictly speaking, an extrapolation since the density is
initially computed at a single conformational arrangement; thus densities for the
rest of the conformations are obtained starting from this initial density. In such a
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case, it is likely that the nonphysically reliable density obtained by simple LSF
could fail.

Now, at the time of concluding the Second Girona Seminar, one can regard ASA
as more than a computational device to approximate first-order QMSM integrals.
ASA is an accurate physical model useful to extend QMSM to real problems in
pharmacological drug research. The present work is concerned with the ASA and
its ability to accurately calculate overlap QMSM based on first-order density
functions. The complete ASA fitting scheme will be presented, empirical ASA
approaches made by summing atomic fragments of density analyzed, and devia-
tions of approximated QMSM from ab initio values quantified.

II. ATOMIC SHELL APPROXIMATION

Electron distributions of atoms in field-free space are spherically symmetric® and
expressible in terms of integral transforms over the radial coordinate, such as:
© &)
0= [ 1! ¢ R, - rl'ag
0

In the case of a Gaussian kernel, the approximation of the integral (Eq. 5) by a finite
sum leads to electron densities expressed by a superposition of spherical shells in
the form,

p.® =~ SnS(R, - ©)
where shells S(R, — r) are defined as,
c . @)
S(R,-n= [_1] R, -0
n

in order to identify coefficients n; with shell populations. Approximation (Eg. 6)
together with the idealization of molecular densities built on spherical atomic shells
constitutes the ASA, whose molecular electron distributions appear as:

Pasa® =2 I nS(R,-1). ®

a iea

This portable representation of electron densities has been widely used when
simple functional forms were required, such as the treatment of X-ray crystal-
lographic data,'® or in molecular shape characterization.!' Equation 8 can also be
used to compute molecular wave functions from n S-like orbitals.'> When these
representations are applied to QMSM computations, a great simplification is
reached with both the number of involved basis functions and integral complexity
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being greatly reduced. The following sections show how to obtain the shells S; and
the respective occupations »; for any molecule, while quantifying at the same time
the errors of such approximation by comparison with ab initio QMSM. In Section
ILA we present a new algorithm which optimally selects shells from a nearly
complete functional space and approximate known molecular electron densities,
p(r). Section IL.B analyzes the construction of p,¢,(r) based on the approximate
additivity and invariance of atomic densities in molecular environments, This rough
representation of molecular densities is still useful to compute QMSM with
acceptable accuracy when densities are not available, as in the case of large systems,
or when they are not worthwhile to compute, as in a first selection of similar
compounds in a structural database search.

A. Density Fitted Atomic Shells

Having a discrete or functional representation of the electron density of a system,
p(r)—the best approach in a least-squares sense—p, ¢ ,(r), in terms of a complete
set of functions S{R, — ), requires only the lineal minimization of the quadratic
error integral function:

& = (o)~ Y, TSR, - )dr ©

a iea

Nearly complete spaces of Gaussian functions can be generated selecting exponents
in a geometric sequence,'?

¢ = aff (10)

together with an implicit dependence of the generators o and 8 with respect to the
basis size n, postulated by Ruedenberg et al.'* as,

IninB=blnn+d' (11)
and,
lno=aln(B-1)+a' (12)

to ensure a successful approach to completeness when n is increased. These
even-tempered sequences, which are a simple and elegant way to construct trun-
cated basis sets, avoid cumbersome nonlinear optimizations and take control over
possible linear dependencies.!* A simple two-dimensional search over generators
o and B gives no significant improvement with respect to a fully variational solution
optimizing all the exponent series.'* The parameters o and B are optimized for
different sizes of the basis sets and the constants in Eqgs. 11 and 12 are obtained by
a linear regression.® The values given by these equations, called regularized
even-tempered parameters, differ very little from the optimized ones, having the
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interesting advantage, besides the theoretical correctness, of allowing different
basis sizes and a quality fitting exploration in the implementation of the ASA.

Cocfficients n are subject to the physical constraints derived from the fact that
Psa (D is a density of probability function. These constraints are the normalization
condition,

S =N (13)

and the set of inequalities,
n;20 Vi, (14)

assuring a positive valued p,,(r) in its whole domain. Restriction (Eq. 13) can be
introduced using a Lagrange multiplier formalism. Then the restricted minimum
n,, denoted by primes, of the quadratic error integral function £%(n) accomplishes
the linear equation,

Sng =t (15)
where the elements of the overlap matrix S are,
5= [S{0S dr (16)
and vector t' is the sum:

t =t+Am (17)

The elements of vector t are the overlap integral of the p(r) to be fitted by the basis
functions in the new representation, S(r), being:

t;= fp(os dr (18)

And finally, the elements of m, taking into account the normalization condition, are
given by,

m; = [S{pdr=1 (19)
and the Lagrange multiplier A is given by the products:
A=(N-m’S')m'S'm)". (20
Coefficients solving Eq. 15 can be expressed, in terms of the Cramer’s rule, by,

ny = Sy, + Syty + ... + 8,8 )det| S|~ @n

nin



Atomic Shell Approximation 193

where §;; is the cofactor of the element s, in the metric S. Since S is a positive
definite matrix, and consequently detlS| positive valued, non-negative coefficient
values constraints (Eq. 14) are equivalent to:

S, +Spty+ ... +8,£20Vi (22)

This set of inequalities establishes intricate relationships which, once a system and
its attached density function p(r) are given, indicates that physically acceptable
ASA fitted densities will lie in some subspaces from the nearly complete function
space. The ASA algorithm, presented in the following section, is an original way
to optimally localize such subspaces, or, in other words, to minimize €%(n) con-
strained to the set of conditions in Eqgs. 13 and 14. The subsequent two sections that
follow examine the results of this methodology when applied to atomic and
molecular systems, respectively.

Algorithm Scheme

Since the error quadratic integral function £%(n) is a quadratic form, its minimum
n; can be expressed in terms of an arbitrary vector n by the equation,

ng=n-S"'Vel(n) (23)
where the gradient at n is given by:
Ve?(n) = 2(nS - t) (24)

Choosing the arbitrary point n with all the components positive, and taking the
direction p,

p=S"'Vel(n) (25)

the shortest approaching path from the point n to the minimum nf) , it is possible
to define a new point n/’ in p given by:

n/ =n-§&p. (26)

The parameter & e [0,1] is the largest step through the descending path that keeps
the coefficients positive. Analyzing every component at the intersection,

0=n,—Ep, Vi 2N
it can be defined as a subset of &, values,
EN=n,p;' Ap,>0Vk (28)

for the positive components of the approaching path p only, giving the maximum
step for the considered component. Obviously, no restriction exists if a component
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p; is negative because the corresponding coefficient ”,",l always will be positive.
Then, taking £ as,

£ =Min (1,E") (29)
k

forces the new point nj to have positive or zero components. Since the path p
directly conduces to the minimum, the new set of coefficients will decrease the
function €%(n).

At this step of the iterative process the functions with null coefficients and
positive slope at n] are discarded. This is so because they would have negative
coefficients in a differential steepest-descent displacement from nj. Afterwards, a
new approaching path is computed:

p,=S;'Ve¥n;,) (30)

The dimension of the problem has been reduced as indicated in expression (Eq. 30)
by the subindices . In the way previously shown, a new step £ and a new point
n; , are computed. Then after expanding n;, , to a whole dimensioned vector 1, ,
maintaining the original zero values for the discarded functions, a computation of
the gradient at this improved n; is performed, closing the second iteration. The
process stops when & equals one—the minimum reached in a possible subspace—
and when all the slopes of shells with zero occupancies are positive, the conditions
of a restricted minimum. In this manner, as shown in Table 1, not only a minimum
is found in a problem subspace, accomplishing,

5, =S;'¢ G

Table 1. Schematic Description of the ASA Algorithm?

o Compute Integrals t and S

e Compute A and t'

e Initialize n and Ve’(n)

e DO

For i (if n; = 0 andV,e%(m) > 0 discard shell i)
Establish Reduced Dimension t,, S, and S,
Compute A,

Compute n’:

Expand ') ton'!

If £ < 1 DO Continue

If (for i ('} = 0and V,%(w’") > 0)) DO exit
s End DO

e Minimum n? = n'!

Note: * Nomenclature explained in text.



Atomic Shell Approximation 195

but also the best subspace, i.e., the best fitting function from all possible combina-
tions of basis set functions, is obtained.

Referring to the computational efficiency of this algorithm, two considerations
must be taken into account. First, it is worthwhile to realize that an important
computational simplification can be introduced removing constraint (Eq. 13), i.e.
using t instead of the more expensive ¢, during the localization of compatible
subspaces. Since the original density function strictly obeys the electron normali-
zation, any flexible enough fitting expansion will freely reproduce this constraint
and, consequently, this imposition does not influence the final selection of func-
tions. Constraint (Eq. 13) can be introduced once this first selection is done,
allowing further iterations if necessary. The second consideration refers to Eq. 23,
which might yield numerical inaccuracies, reflected in abnormally large values for
the gradient components. In such a case the solution could be refined since the
compatible subspace is already determined, solving directly the linear system (Eq.
31). Even when the number of matrix inversions to be performed during the iterative
procedure is large, the computational cost for this restricted fitting is only slightly
greater than the simple LSF. This is because symmetric matrix inversion is a fast
process compared to integral evaluation.

Fitting Spherical Systems: The Argon Atom

The closed-shell argon atom has a completely spherical electron distribution, and
therefore is a suitable example for testing the flexibility of the restricted ASA
function. The density to be fitted was computed at the MP2/6-311G* level of theory.
Spanning a nearly complete space with 50 functions generated from even-tempered
parameters,8 the computed ASA density, composed of 22 shells or selected func-
tions, has an associated quadratic error integral value e%(n) of 6.94 x 107® with
density scaled to one. Such scaling improves the convergence of the algorithm,
especially if the initial fitting space is large. The maximum of the function at the
nucleus has a value of 46824.18 au, which is 0.9 units over the ab initio 46823.28,
and thus being the greatest local difference. The radial distribution presented in
Figure 1 is defined as,

21!1:

D) =7 [ p(rp.9) sing do db, (32)
00

for the ab initio and the ASA functions. A complete agreement for the first two
shells is found, shells now in the sense of Parr et al.,'* while some slight differences
appear in the outer region of argon. Since p(r) decreases rapidly in the neighborhood
of the nucleus, one finds that at the distance of 1 au from it the value is only 5.2 au,
and values close to zero are found at greater distances. For this reason, this region
of large distances has an unnoticeable effect in an unweighted e%(n). This is the
reason for the differences at greater distances and not the existence of high quantum
number electrons, which prevent neither the spherical symmetry of electron distri-
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D(n)

0.00 1.00 2.00 3.00
rlau.

Figure 1. Radial electron distribution D(r) for argon. The MP2/6-311G* distribution
is solid line and the ASA is dashed line.

bution in atoms nor their representation by 1S functions. This is also in agreement
with the well-established practice of using only 1S Slater or Gaussian functions for
spherical orbitals.'®

Fitting Molecular Systems: The Boron Trichloride Molecule

Atoms in molecules no longer have spherical electron distributions. Nevertheless,
superposition of spherical atomic shells is still accurate, especially for QMSM
purposes, as can be seen in the next example. The electron density for the boron

Table 2. Number of Functions for the Different Densities
of the Boron Trichioride Molecule?

Number of Functions STO-3G 3-21G 6-21G 6-31G* 6-311G**
Basis functions 32 48 48 72 100
Primitives 96 96 144 184 179
Fitting functions 140 140 140 140 140

Note: " The number of initial functions for the ASA fitting is also showed, corresponding to 35 functions per atom.
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Table 3. HF Densities for the Boron Trichloride Molecule®

STO-3G 3-21G 6-21G 6-31G* 6-311G**
Shells 42 49 61 61 66
Shells on B 9 10 13 13 15
Shells on Ci 11 13 16 16 17
&2 3.0105E-5 1.7625E-5 6.3197E-6 8.0264E-6 8.0198E-6
ErrorinS(A,A)  0.0211% 0.0022% 0.0009% 0.0008% 0.0008%

Note:  * Shells, quadratic errors integrals, and errors in self-similarity.

trichloride molecule, with partial boron-chlorine double bonds, has been computed
at different levels of theory at its D,, optimized geometry. The ASA algorithm is
independent of these levels of theory since shells are optimally and automatically
selected to describe a particular density from a nearly complete space. Table 2
gathers the number of primitives for every basis set whose square is the number of
terms in the ab initio density, and the considered basis set size to span a nearly
complete space for the ASA fitting, corresponding to 35 functions, generated from
parameters in Ref. 8, per atom. Table 3 and Table 4 collect the results of the fitting
computations, namely, the number of shells or selected functions and the quadratic
integral error £2(n), and the error in the self-similarity for an evaluation of the quality
of the ASA function. The immediate conclusion from these tables is that when using
the ASA there is an important reduction in the number of functions used to express
the density function which, together with the fact that these functions are 1§
Gaussians, immediately gives an idea of the important reduction in the time needed
to compute QMSM. Such simplification does not prevent the generation of QMSM
with an acceptable accuracy, as can be seen observing the different errors. As in the
previous example, £2(n) is computed with density scaled to one and is nearly
constant for the different orbital basis sets. The increase in the number of shells
when improving the wave function quality is another remarkable aspect of the ASA
procedure, showing that it is a systematic and universal method. Slightly better

Table 4. MP2 Densities for the Boron Trichloride Molecule?

STO-3G 3-21G 6-21G 6-31G* 6-311G**
Shells 43 52 61 62 66
Shellson B 10 10 13 14 15
Shells on C1 11 14 16 16 17
e 2.9225E-5 1.6823E-5 5.8198E-6 6.4506E-6 6.3815E-6
Error in S(A,A) 0.0206% 0.0021% 0.0008% 0.0008% 0.0007%

Note: *® Shells, quadratic errors integrals, and errors in self-similarity.
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values for the more precise densities is just a consequence of the optimization of
the even-tempered parameters, which were obtained from atomic 6-311G* densi-
ties. This selection of shells also gives atomic populations, unambiguously defined
in ASA, in agreement with chemical intuition. For the boron atom in the MP2/6-
311G** fitting, the atomic population is —0.003 au, in agreement with the expected
value. Four acceptable resonant structures can be written down for the boron
trichloride molecule, three of them involving double bonds with positive chlorines
and the other with partial ionic single bonds with negative chlorines, making the
total charge transfer negligible.'” Exemplifying the importance of a good selection
of shells, one can regard the LSF density, computed using the whole 140 function
basis set and without positive valued constraint to coefficients (i.e., a lower value
in €%(n), which gives a boron charge of —1.10 au) quite far away of what it is
expected.

B. Empirical Atomic Shells

A really fast computation of QMSM which could be applied to pattern recogni-
tion in 3D structural databases should be extremely simplified and should avoid the
need of density computations. Empirical molecular densities can be modeled as
simple sums of atomic contributions, having for the so-called promolecular etectron
density:

Peasa® =Y pyss R, = 1), G3)

Several functional forms for the shell structure of atoms, pg,¢4 (R, — 1), will be
analyzed in the present work. The first strategy, based in CNDO-like densities, uses
a simple nS STO function per atom, being,

Piusa R, ~D=g,| 5k R, - 12 (4
where coefficients g, are atomic charges, and:

SJ (2€ )ln+‘/2 Iolt IR -l (35)
qf -DN= —-————-‘a D y L] a T
R, -1 \141t(210)! R,-»
The radial power term [, is taken as the row number of atom q in the Periodic Table
or, what is nearly the same, the number of maxima in the radial distribution.
Exponents , are taken to exactly reproduce free atom self-similarity values.

A second strategy to enhance atomic densities defines pg,, (R, —r) as a super-
position of /, STO shells in the form:

{
Piass R~ =Y m;| SR, - 0|2 (36)
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Occupations m; are the number of electrons commonly associated with the atomic
electronic configurations. The set of exponents used are those of Clementi et al.'8
for spherical orbitals.

Similarity measures of a set of fluoro- and chloro-substituted methanes, whose
ab initio HF/6-31G** values were already known,® will be reviewed to illustrate
the performance of these two empirical approaches. Table 5 presents the similarity
values, the ab initio ones in bold, those computed with functional approach (Eq.
34) in italics, and, those with the approach of Eq. 36 in normal type. Results in the

Table 5. QMSM for Fluoro- and Chloro-Substituted Methanes®
CH, CHyF CHyClI CH)F, CH,Cl, CHFy; CHCl; CF, CCl,

CH, 31.84 58.78 14422 5883 14423 5889 14423 5892 144.23
30.56 5569 12849 55.75 12850 55.80 12850 55.84 128.50
37.46 68.86 17032 68.66 169.55 6844 16889 68.28 168.31

CH;3F 15111 31669 150.37 31687 14825 317.03 146.60 317.15
14237 28197 14194 282.16 140.24 28234 13897 28249
163.54 36033 161.27 359.59 15930 35860 157.66 357.37

CH;,C1 1028.15 318.81 1027.71 319.24 102748 31941 1028.04
878.59 28433 87833 284.80 878.27 284.97 878.92
1091.08 364.80 1086.24 367.84 108227 368.41 1079.13

CH,F, 27043 319.08 25832 31955 249.98 319.93
254.23 28461 24377 285.18 23653 285.67
289.48 356.80 286.04 35574 283.38 354.57

CH,(CI, 2024.52 31949 173855 319.78 1401.47
1726.63 28491 1489.62 28529 1199.69
2126.12 354.98 2093.98 35393 2040.88

CHF, 389.77 32144 386.70 322.01
366.13 287.24 363.66 287.96
414.85 35334 412.76 352.18

CHC1, 302095 321.74 2694.00
2574.67 287.56 2303.79
3146.32 352.25 3109.11

CF, 509.07 324.14
47804 29038
539.88  350.53

ccl, 4017.38
3422.69
4155.16

Note: * Ab initio HF/6-31G* values are in bold, the empirical ASA values using one STO per atom in italics, and
EASA with a STO per shell and atom values in medium type.
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first approach, with a single nS STO function per atom, show a good agreement
with ab initio values in case of self-similarities, having a 6% error for CH,—CH, or
a less than a 5% for the CC1,~CCl, measure, while errors in cross-similarities are
larger than 10%. The reason for having more accurate values in self-similarities can
be found in the fact that when computing self-similarities there is a perfect matching
between the two molecules being compared, which are the same. In this case, the
main contribution comes from atoms perfectly superimposed, while contributions
from atoms not superimposed are negligible because they are separated by large
distances. Given that the exponents in Eq. 34 are taken to reproduce atomic
auto-similarities, one can already expect a good result for this case. On the other
hand, when dissimilar molecules are compared, one is likely to find pairs of atoms
not completely superimposed. These atom pairs are primarily responsible for the
greater errors found in this case. The similarity additivity of Eq. 34 is also reflected
in the overestimation of all the similarity values, indicating a lack of diffuseness of
the atomic densities in molecular environments that this model presents. To better
understand this point, one can check that the similarity integral (Eq. 3) increases if
charge distribution is concentrated in small areas, being infinity in case of densities
collapsed into Dirac deltas. The other approximation, when the density functional
form is given by Eq. 36, does not improve the similarity measures in all cases,
probably due to the use of nonoptimal exponents to span densities.
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Figure 2. HF/6-31G** versus empirical Carb6 indices for the fluoro- and chloro-
substituted methanes.
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Carbé indices derived from these empirical similarity measures present a better
correlation with ab initio values as Figure 2 reveals. This agreement can be
explained by the systematic deviation which cancels errors in the index computa-
tion.

A third strategy using a single 1S GTO function per atom'? has also been tested
with the aim of speeding up similarity maximization. Results are only qualitative
and will be presented in next section.

i1, SIMILARITIES IN THE ATOMIC SHELL
APPROXIMATION

In this section, the performance computing overlap QMSM of several introduced
ASA will be analyzed. QMSM for rigid molecules are six variable functions, with
three of them indicating relative translations and the other three indicating relative
orientation. Fixing one of the molecules, molecule A, the similarity function is
expressed by,

6.00 -4.00 -2.00 0.00 2.00 400
z(N)/a.u.

Figure 3. N/HCN Similarity function along the molecular axis. Vertical lines indicate
the positioning of molecular atoms.
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2,5(Q) =I PA(MPpg(r:Qdr 37

with Q standing for all six variables. Inside the ASA, similarity measures appear
as a sum of isotropic atom-atom contributions, i.e.,

24D = 27D %
ab
where the similarity for atomic pairs is given by:
(39)

@)=Y Tnn [ SR, -DSREQ) - dr

iea jeb

Expression 39 enables a global maximization scheme whose first principles are
given in Ref. 8. This scheme is used in all similarity optimizations contained in the
present work. Therefore, in Section III.A the similarity function between atomic
nitrogen and two linear molecules will be computed at the ab initio MP2/6-311G**
level of theory, and differences with the approximate functions will be displayed in
order to have a vision of the behavior of the ASA atom—atom contributions (Eq.

110.00
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Figure 4. N/NaCN Similarity function along the molecular axis. Vertical lines indicate
the positioning of molecular atoms.
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39). This will shed some light when, afterwards, in Section I11.B the accuracy of
the ASA method will be checked in a series of real drug design molecules.

Computations of ab initio densities and optimized geometry have been performed
using the Gaussian 92 ensemble of programs.?’ Program ExSim?' has been used to
compute ab initio similarities, ASAC? for fitting the ab initio densities and
computation of their similarities, and MolSimil 95% for the empirical computa-
tions.

A. HCN/N and NaCN/N Systems

Similarity functions for HCN/N and NaCN/N systems only depend on the
coordinates of the nitrogen atom with respect to some fixed frame of axis defining
the atomic positions of the cyanide molecule having:

Zxen MIN) = IPXCN(T)PN(r;rN)dr (40)

If XCN molecules lie along Z axis, the pictures of zy.y ,(0,0,Zy) will be sufficient
to show the peculiarities of similarity functions, also present in more complicated
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Figure 5. N/HCN ab initio-approximate differences in similarity function. Thick solid
line corresponds to ASA computations, fine solid line to Slater empirical approach,
and dashed is the empirical Gaussian approach.
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systems because of the nearly atom—atom additivity. Figure 3 and Figure 4 represent
the similarity function computed at the MP2/6-311G** fevel of theory for nitrogen
vs. hydrogen and sodium cyanide, respectively. The HCN/N function only presents
two maxima due to the fact that electron density flows from hydrogen to the
electronegative group cyanide. Even if hydrogen was not bonded to an electronega-
tive group, its maximum would appear nearly hidden by the heavier atoms.

The differences with the similarity functions obtained using ASA densities are
given for hydrogen and sodium cyanides, respectively, in Figures 5 and 6. Thick
lines correspond to the differences between exact and ASA QMSM and are
confused with the abscise, showing a nearly complete agreement especially at the
maxima. At approximately 1 bohr around carbon and nitrogen coordinates, the
maximum difference is found to be 0.2 au in similarity. Fine solid lines correspond
to the differences with the empirical function built using Slater-type functions (Eq.
36). They also show a conformity with the exact functions, except at the maxima
where they are approximately 10% lower. Dashed lines correspond to the simplest
approach analyzed, which consists in a single 15 GTO per atom. These functions
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6000 1 — L e
: : , ,
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Figure 6. N/NaCN ab initio-approximate differences in similarity function. Thick
solid line corresponds to ASA computations, fine solid line to Slater empirical
approach, and dashed is the empirical Gaussian approach.



Atomic Shell Approximation 205

Cl
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D

Figure 7. Representation of the four spiro hydantoin aldose reductase inhibitors
considered.

are only a qualitative description since a single Gaussian cannot describe simulta-
neously height and width, thus their use should be restricted to interactive visual
matching. Compared molecules usually will be placed at the right maximum
arrangement, but the corresponding similarity value will appear highly distorted
because of the important errors when nuclei are not perfectly superimposed, the
case of most of the nuclei when matching dissimilar molecules.

B. Spiro Hydantoins Comparison

A series of four spiro hydantoin 8-aza-4-chromanones which act as aldose
reductase inhibitors?* has been selected to test the performance of the ASA method
in a real case of drug design. Their chemical structure is presented in Figure 7.

Ab initio and ASA similarities have been computed at the fully optimized
HF/STO-3G geometry. EASA computations were performed with the set of func-
tions in Eq. 36. Similarities and their derived Carbé indices are presented in Table
6 and Table 7, respectively, the ab initio values appearing in bold, the ASA values
in normal type, and the EASA ones in italics. Similarity maximization was only
performed using ASA and EASA densities, obtaining in both cases the same
maxima with just a negligible difference in the final values of Q. Then, ab initio
punctual similarities were performed at the ASA maxima. In order to easily allow
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Table 6. Similarities for Spiro Hydantoins?

A B C D
A 729.840 712.354 454.488 353.080
729.548 713.971 456.296 354.063
710.737 630.816 446.103 346.642
B 11053.921 3187.972 2988.291

11051.215 3194.098 2993.832
8704.890 2706.978 2510.181

C 1687.997 1294.120
1687.574 1294.970
1558.762 1177.520

D 1687.963
1687.541
1558.773

Note: * Ab initio values are in bold, ASA in medium type, and empirical
ASA values in italics.

a comparison of the results, exact—-approximate differences and percentual errors
are presented in Table 8 and Table 9, respectively, while Table 10 and Table 11 give
the errors corresponding to the Carbé indices.

Differences in ASA similarities are mainly originated by the atomic sphericity
loss since densities for free atoms are excellently reproduced. This deformation, as
commented in Section IIL.A, is more noticeable when nuclei are not completely

Table 7. Carbé Indices for Spiro Hydantoins®

A B C D

A 1 0.2508 0.4095 0.3181
0.2514 0.4112 0.3191
0.2536 04238 0.3293
B 1 0.7380 0.6918
0.7396 0.6933
0.7349 0.6814
C 1 0.7667
0.7674
0.7554

D 1

Note: *Abinitio values are in bold, ASA in medium type, and empirical ASA
values in italics.
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Table 8. Similarity Differences, Ab
Initio-Approximate, for Spiro Hydantoins®

A B Cc D
A 0.292 -1.617 -1.808 -0.983
19.103 81.538 8.385 6.438
B 2.706 -6.126 -5.541
2349.031 480.994 478.110
C 0.423 —-0.850
129.235 116.600
D 0.422
129.190

Note: * ASA values are in medium type and empirical ASA values in italics.
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superimposed, having in the previous examples maximum differences of 0.2 au in
similarity for carbon and nitrogen atoms. Extrapolating these differences to the
present example, one can easily understand the different behavior of self- and
cross-similarities, the first ones being more accurate. This also explains, for
instance, why z, has the greatest absolute error, while z.,, has the precision of a
self-similarity (see Table 8). In the first case the arrangement maximizing the electron
density overlap superposes bromine and chlorine atoms, whereas all other atoms appear
displaced. Figure 8 shows the molecular superposition for the B—C pair. By contrast.
molecules C and D, pictured in Figure 9, completely match except for the methyl
group and the ring attached at chiral carbons. Nevertheless, the change in chirality

Table 9. Percentage Similarity errors, Ab
Initio-Approximate, for Spiro Hydantoins?

A B C D
A -0.040 0.226 0.396 0.278
-2.688 -12.926 -1.880 -1.857
B -0.024 0.192 0.185
-26.985 —17.769 -19.047
C -0.025 0.066
-8.291 -9.902
D -0.025
-8.288

Note: 2 ASA values are in medium type and empirical ASA values in italics.
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Table 10. Carb6 Index Differences, Ab
Initio-Approximate, for Spiro Hydantoins?

A B Cc D
A 0 -0.001 -0.002 -0.001
-0.003 -0.014 -0.011
B 0 -0.002 -0.001
0.003 0.010
C 0 -0.00t
0.011

D 0

Note: * ASA values are in medium type and empirical ASA values in italics.

clearly separates these groups, making the overlap contribution of the relevant
atoms negligible.

In the case of EASA similarities, errors obviously come from a poor description
of electron densities, which is especially evident for the measures involving the
bromine-substituted molecule. However, this simple picture of molecular densities
places these molecules at the proper maximum arrangement and gives Carbé
indices correctly in one decimal figures.

Regarding the possible application of QMSM in QSAR studies, it is interesting
to make a qualitative comparison between the activity values for this set of
molecules and some of the QMSM values obtained. Thus, it can be seen that, while
B and C are the most active molecules, the Carbé index is higher for the C-D pair
than for the B-C pair in all the approximations considered, with D being an inactive
molecule. This result is, at first sight, quite surprising because B and C share the

Table 11. Percentual Carb6 Index Errors, Ab
Initio-Approximate, for Spiro Hydantoins?

A B C D
A 0 0.239 0.413 0.313
1.104 3.374 3401
B 0 0.216 0.216
-0.422 -1.526
C 0 0.091
-1.496
D 0

Note: * ASA values are in medium type and empirical ASA values in italics.
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Figure 8. Superposition of the bromine-substituted spiro hydantoin (B) with the
chloro-substituted (C). Pictured by MolSimil 95.

Figure 9. Superposition of the chloro-substituted spiro hydantoins (Q) and (D).
Pictured by MolSimil 95.
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same structure and differ only in the halogen, while C and D, although having
different halogens, seem to be structurally more different because its five-mem-
bered ring cannot be superposed due to the different chirality of the two molecules.
However, the low value for the B~C pair can be attributed to the shifting of the large
common substructure slightly out of the maximal superposition, as can be seen in
Figure 8. This is forced by the superposition of Br and C1 and because the C-Br
and C-C1 distances are slightly different. This arises not from the ASA fitting but
rather from the theoretical background consisting in using electronic densities
which do not take into account the vibrational motion of atoms.

IV. CONCLUSIONS

The main conclusion of the present work indicates that QMSM based on electron
distributions can be accurately computed, even for large molecules. The purpose of
this work has been to assess a fast and correct methodology to quantify molecular
similarities based on first-order electronic distributions. The ASA, due to its
simplicity, brings not only the means to perform fast QMSM computations, but also
possible ways of modeling molecules and defining local similarities. Future work
will allow nuclear movements and the averaging of electronic distributions by
considering harmonic nuclear displacements, thus giving a more real picture of
molecules. We expect that within this framework it will be possible to obtain better
correlations between QMSM and biological activities in cases such as the spyro
hydantoins considered in section III.B. Furthermore, the concept of local similari-
ties could be valuable in the localization of active centers or common patterns in
sets of molecules.
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